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AN EXPLICIT CONSTRUCTION OF COMPLETE COTORSION
PAIRS IN THE RELATIVE CONTEXT
LEONID POSITSELSKI
Abstract. Let R −→ A be a homomorphism of associative rings, and let (F , C)
be a hereditary complete cotorsion pair in R–Mod. Let (FA, CA) be the cotor-
sion pair in A–Mod for which FA is the class of all left A-modules whose un-
derlying R-modules belong to F . Assuming that the F -resolution dimension of
every left R-module is finite and the class F is preserved by the coinduction
functor HomR(A,−), we show that CA is the class of all direct summands of left
A-modules finitely filtered by A-modules coinduced from R-modules from C. As-
suming that the class F is closed under countable products and preserved by the
functor HomR(A,−), we prove that CA is the class of all direct summands of left
A-modules cofiltered by A-modules coinduced from R-modules from C, with the
decreasing filtration indexed by the natural numbers. A combined result, based on
the assumption that countable products of modules from F have finite F -resolution
dimension bounded by k, involves cofiltrations indexed by the ordinal ω + k. The
dual results also hold, provable by the same technique going back to the author’s
monograph on semi-infinite homological algebra [10].
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Introduction
Cotorsion pairs (or in the older terminology, “cotorsion theories”), introduced by
Salce in [16], became a standard tool of the contemporary theory of rings and mod-
ules [8]. The basic idea can be explained in a few words as follows.
Given an associative ring A and left A-modules L and M , the groups ExtnA(L,M)
can be computed either in terms of a projective resolution of L, or using an injective
coresolution of M . But what if we wish to use “partially injective” and “partially
projective” resolutions? We wish to resolve L by modules that are only somewhat
projective, and coresolve M by modules that are only somewhat injective. Can we
use such resolutions in order to compute ExtnA(L,M) ?
As one can see, the answer is positive, provided the chosen classes of “partially
injective” and “partially projective” modules fit each other and one is willing to
resolve both L and M simultaneously. For example, one can choose a flat resolution
F
•
for the module L, and simultaneously choose a coresolution C• of the module M
by so-called cotorsion A-modules (in the sense of Enochs [7]). Then the total complex
of the bicomplex HomA(F•, C
•) computes Ext∗A(L,M).
Alternatively, let R ⊂ A be a subring. We want to resolve L by A-modules that are
projective as R-modules. What kind of coresolution of M do we need to use jointly
with such a resolution of L, in order to compute the Ext groups over A ?
The definition of a (hereditary) cotorsion pair provides a general answer to such
questions. A pair of classes of left A-modules F and C ⊂ A–Mod is called a cotorsion
pair if Ext1A(F,C) = 0 for all F ∈ F and C ∈ C, and both the classes F and C are
maximal with respect to this property. A cotorsion pair (F , C) is said to be hereditary
if ExtnA(F,C) = 0 for all F ∈ F , C ∈ C, and n ≥ 1.
In particular, returning to the example above, a left A-module C is said to be
(Enochs) cotorsion [7] if Ext1A(F,C) = 0 for all flat left A-modules F , or equivalently,
ExtnA(F,C) = 0 for all flat F and n ≥ 1.
More generally, one can consider projective objects, injective objects, and cotorsion
pairs in an abelian category A. In order to compute the groups Ext in A using
projective or injective resolutions, one needs to have enough projectives or injectives,
respectively. What does it mean that there are “enough partially projective/injective
objects” in a cotorsion pair (F , C) ? The appropriate definition of this was suggested
in [16], and it is a strong and unobvious condition.
Given a cotorsion pair (F , C) in A–Mod, one says that there are enough projectives
in (F , C) if every left A-module L is a quotient module of a module F from F by
a submodule C ′ = ker(F → L) belonging to C. Similarly, one says that there are
enough injectives in (F , C) if every left A-module M is a submodule of a module
C from C with the quotient module F ′ = C/M belonging to F . The short exact
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sequences 0 −→ C ′ −→ F −→ L −→ 0 and 0 −→ M −→ C −→ F ′ −→ 0 are called
approximation sequences. A cotorsion pair (F , C) in A–Mod has enough projectives if
and only if it has enough injectives; these assertions are known as Salce lemmas [16].
A cotorsion pair having enough projectives (equivalently, enough injectives) is said
to be complete. In other words, a cotorsion pair (F , C) is complete if approximation
sequences with respect to (F , C) exist for all left A-modules.
The assertion that the flat cotorsion pair (F , C), where F is the class of flat left
A-modules and C is the class of cotorsion left A-modules, is complete became known
as the flat cover conjecture. It was proved (in two different ways) in the paper [4].
The most powerful (and the most commonly used) approach to constructing com-
plete cotorsion pairs known today was developed by Eklof and Trlifaj [6]. The Eklof–
Trlifaj theorem claims that any cotorsion pair generated by a set of modules is com-
plete. Here a cotorsion pair (F , C) is said to be generated by a class of modules
S ⊂ A–Mod if C is the class of all left A-modules C such that Ext1A(S, C) = 0 for
all S ∈ S. Subsequently it was realized that the technique of the Eklof–Trlifaj con-
struction is a particular case of the so-called small object argument in the homotopy
theory or model category theory. In fact, a complete cotorsion pair can be thought
of as a particular case of a weak factorization system [15, 9].
On the dual side, it is known that any cotorsion pair cogenerated by a class of
pure-injective modules is complete [8, Theorem 6.19]. Further alternative approaches
to proving completeness of cotorsion pairs in some special cases are provided by the
Bongartz lemma [8, Lemma 6.15] and the Auslander–Buchweitz construction [1].
The aim of this paper is to offer another such alternative approach. It is an
explicit self-dual construction applicable in the particular case of cotorsion pairs
lifted via the functor of restriction of scalars A–Mod −→ R–Mod with respect to a
ring homomorphism R −→ A. In the most typical situation, R would be a subring
in A. Notice that the small object argument is decidedly not self-dual.
Still, most of the complete cotorsion pairs constructed in this paper can be easily
obtained from the small object argument. The main advantage of our approach is
that is produces a quite explicit description of the second class in the cotorsion pair.
Sometimes this also follows from the Eklof–Trlifaj theorem; but in other cases it does
not. In the latter cases, our approach provides new knowledge.
In the work of the present author, other results somewhat resembling those of
the present paper were obtained in the paper [14], where descriptions of the right
classes in the so-called strongly flat cotorsion pairs, and sometimes also in the flat
cotorsion pair, were provided for categories of modules over commutative rings. The
constructions of approximation sequences in the present paper go back to the author’s
monograph on semi-infinite homological algebra [10].
Semi-infinite homological algebra, as interpreted in the book [10], is the study
of module categories over algebraic structures which have a mixture of algebra and
coalgebra variables in them. These include corings over rings (which means roughly
“coalgebras over algebras”) and semialgebras over coalgebras (“algebras over coalge-
bras”), as well as more complicated semialgebras over corings.
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Relative situations appearing naturally in this context, that is a coring over a ring
or a semialgebra over a coalgebra, tend to be better behaved than a usual ring over
a subring. Nevertheless, techniques originally developed in the semi-infinite context
can be transferred to the realm of ring theory. That is what we do in this paper.
Acknowledgement. I wish to thank Roman Bezrukavnikov for motivating corre-
spondence. I am grateful to Jan Sˇt’ov´ıcˇek and Jan Trlifaj for illuminating discussions
from which this work benefited greatly. The author is supported by the GACˇR
project 20-13778S and research plan RVO: 67985840.
1. Preliminaries
All rings in this paper are presumed to be associative and unital. All ring homo-
morphisms take the unit to the unit, and all modules are unital.
Let A be a ring. We denote by A–Mod the abelian category of left A-modules.
1.1. Ext1-orthogonal classes. We say that two left A-modules F and C are
Ext1-orthogonal if Ext1A(F,C) = 0. Two classes of left A-modules F and C ⊂ A–Mod
are called Ext1-orthogonal if Ext1A(F,C) = 0 for all F ∈ F and C ∈ C.
Given a class of left A-modules F ⊂ A–Mod, we denote by F⊥1 ⊂ A–Mod the class
of all left A-modules X such that Ext1A(F,X) = 0 for all F ∈ F . Similarly, given a
class of left A-modules C ⊂ A–Mod, we denote by ⊥1C ⊂ A–Mod the class of all left
A-modules Y such that Ext1A(Y, C) = 0 for all C ∈ C.
Clearly, the classes F⊥1 and ⊥1C are closed under extensions and direct summands
in A–Mod. The class F⊥1 contains all injective left A-modules, while the class ⊥1C
contains all projective left A-modules.
A pair of classes of left A-modules (F , C) is said to be a cotorsion pair if C = F⊥1
and F = ⊥1C. In other words, (F , C) is called a cotorsion pair if both F and C are
the maximal classes with the property of being Ext1-orthogonal to each other.
For any class of left A-modules S ⊂ A–Mod, the pair of classes F = ⊥1(S⊥1) and
C = S⊥1 is a cotorsion pair in A–Mod. We will say that the cotorsion pair (F , C) is
generated by S. The class F is also said to be generated by S.
Dually, for any class of left A-modules T ⊂ A–Mod, the pair of classes F = ⊥1T
and C = (⊥1T )⊥1 is a cotorsion pair in A–Mod. We will say that the cotorsion pair
(F , C) is cogenerated by T . The class C is also said to be cogenerated by T .
1.2. Approximation sequences. Let F and C ⊂ A–Mod be two Ext1-orthogonal
classes of left A-modules. We will say that F and C admit approximation sequences
if, for every left A-module M , there exist short exact sequences of left A-modules
0 −−→ C ′ −−→ F −−→ M −−→ 0,(1)
0 −−→ M −−→ C −−→ F ′ −−→ 0(2)
with F , F ′ ∈ F and C, C ′ ∈ C.
An approximation sequence (1) is called a special precover sequence, and the surjec-
tive morphism F −→M is called a special precover. An approximation sequence (2)
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is called a special preenvelope sequence, and the injective morphismM −→ C is called
a special preenvelope.
Lemma 1.1 (Salce [16]). Let (F , C) be an Ext1-orthogonal pair of classes of modules,
both of them closed under extensions in A–Mod. Assume that every left A-module is
a quotient module of a module from F and a submodule of a module from C. Then a
special precover sequence (1) exists for every left A-module M if and only if a special
preenvelope sequence (2) exists for every left A-module M .
Proof. Let us prove the “if”. Let M be a left A-module, and let E ∈ F be a module
for which there exists a surjective A-module morphism E −→ M . Let N be the kernel
of this morphism; so we have a short exact sequence 0 −→ N −→ E −→ M −→ 0.
Let 0 −→ N −→ C −→ F −→ 0 be a special preenvelope sequence for the left
A-module N , i. e., C ∈ C and F ∈ F . Denote by H the pushout (that is, in other
words, the fibered coproduct) of the pair of morphisms N −→ E and N −→ C. So H
is the cokernel of the diagonal morphism N −→ E ⊕ C. Then there are short exact
sequences 0 −→ E −→ H −→ F −→ 0 and 0 −→ C −→ H −→ M −→ 0. Now the
former sequence shows that H ∈ F , and the latter one is the desired special precover
sequence for the A-module M . The proof of the “only if” implication is dual. 
Let (F , C) be a cotorsion pair in A–Mod. Then it is clear from Lemma 1.1 that
the pair (F , C) admits special precover sequences if and only if it admits special
preenvelope sequences. In this case, the cotorsion pair (F , C) is said to be complete.
Given a class of modules A ⊂ A–Mod, denote by A⊕ ⊂ A–Mod the class of all
direct summands of modules from A.
Lemma 1.2. Let (F , C) be an Ext1-orthogonal pair of classes of left A-modules ad-
mitting approximation sequences. Then (F⊕, C⊕) is a complete cotorsion pair in
A–Mod.
Proof. Since (F , C) is an Ext1-orthogonal pair of classes of modules admitting ap-
proximation sequences, it follows immediately that the pair of classes F⊕ and C⊕
has the same properties. So it only remains to show that F⊥1 ⊂ C⊕ and ⊥1C ⊂ F⊕.
Indeed, let M be a left A-module belonging to F⊥1. By assumption, there exists a
short exact sequence of left A-modules 0 −→M −→ C −→ F ′ −→ 0 with C ∈ C and
F ′ ∈ F . Since Ext1A(F
′,M) = 0, it follows that M is a direct summand of C. 
1.3. Filtrations and cofiltrations. We consider ordinal-indexed smooth increas-
ing filtrations (called for brevity simply “filtrations”) and ordinal-indexed smooth
decreasing filtrations (called “cofiltrations”). In the main results of this paper, we
will mostly deal with (co)filtrations by rather small ordinals, such as the ordinal of
natural numbers ω; but here we discuss the general case.
Let α be an ordinal and M be an A-module. An α-filtration on M is a collection
of submodules FiM ⊂ M indexed by the ordinals 0 ≤ i ≤ α such that
• F0M = 0, FαM =M , and FjM ⊂ FiM for all 0 ≤ j ≤ i ≤ α;
• FiM =
⋃
j<i FjM for all limit ordinals i ≤ α.
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An A-module M with an α-filtration F is said to be filtered (or α-filtered) by the
A-modules Fi+1M/FiM , 0 ≤ i < α.
Given a class of A-modules S ⊂ A–Mod, an A-module M is said to be α-filtered
by S if M admits an α-filtration F such that Fi+1M/FiM ∈ S for all 0 ≤ i < α. An
A-module is said to be filtered by S if it is α-filtered by S for some ordinal α. The
class of all A-modules filtered by S is denoted by Fil(S) ⊂ A–Mod, and the class of
all A-modules α-filtered by S is denoted by Filα(S) ⊂ Fil(S).
Let α and β be two ordinals. Denote, as usually, by α ·β =
⊔
β α the ordinal that is
order isomorphic to the well-ordered set of pairs {(i, j) | 0 ≤ i ≤ α, 0 ≤ j ≤ β} with
the lexicographical order, (i′, j′) < (i′′, j′′) if either j′ < j′′, or j′ = j′′ and i′ < i′′.
Lemma 1.3. For any class of A-modules S ⊂ A–Mod, one has
(a) Filβ(Filα(S)) = Filα·β(S);
(b) Filα(S
⊕) ⊂ Filα(S)
⊕. 
The following result is known as the Eklof lemma.
Lemma 1.4. For any class of left A-modules S, one has Fil(S)⊥1 = S⊥1.
Proof. This is [6, Lemma 1] or [8, Lemma 6.2]. 
The next result is called the Eklof–Trlifaj theorem.
Theorem 1.5. Let S be a set (rather than a class) of left A-modules, and let (F , C)
be the cotorsion pair in A–Mod generated by S. Then
(a) (F , C) is a complete cotorsion pair;
(b) the class F can be described as F = Fil(S ∪ {A})⊕, where A denotes the free
left A-module with one generator.
Proof. Part (a) is [6, Theorem 10] or [8, Theorem 6.11], and part (b) is [8, Corol-
lary 6.13 or 6.14]. Essentially, one proves by an explicit construction (a particular
case of the small object argument) that the pair of classes Fil(S) and S⊥1 ⊂ A–Mod
admits special preenvelope sequences, and then by Lemma 1.1 it follows that the pair
of classes Fil(S ∪ {A}) and S⊥1 admits special precover sequences. The two classes
Fil(S ∪ {A}) and S⊥1 are Ext1-orthogonal by Lemma 1.4. By Lemma 1.2, one can
conclude that the two classes Fil(S ∪ {A})⊕ and S⊥1 form a complete cotorsion pair.
By the definition, we have C = S⊥1 , and it follows that F = Fil(S ∪ {A})⊕. 
Let α be an ordinal and N be a left A-module. An α-cofiltration on N is a
collection of left A-modules GiN indexed by the ordinals 0 ≤ i ≤ α and left A-module
morphisms GiN −→ GjN defined for all 0 ≤ j < i ≤ α such that
• the triangle diagram GiN −→ GjN −→ GkN is commutative for all triples
of indices 0 ≤ k < j < i ≤ α;
• G0N = 0 and GαN = N ;
• the induced map into the projective limit GiN −→ lim←−j<i
GjN is an isomor-
phism for all limit ordinals i ≤ α;
• the map Gi+1N −→ GiN is surjective for all 0 ≤ i < α.
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It follows from the above list of conditions that the map GiN −→ GjN is surjective
for all 0 ≤ j < i ≤ α. An A-module N with an α-cofiltration G is said to be cofiltered
(or α-cofiltered) by the A-modules ker(Gi+1N → GiN).
Given a class of A-modules T ⊂ A–Mod, an A-module N is said to be α-cofiltered
by T if N admits an α-cofiltration G such that ker(Gi+1N → GiN) ∈ T for all
0 ≤ i < α. An A-module is said to be cofiltered by T if it is α-cofiltered by T for some
ordinal α. The class of all A-modules cofiltered by T is denoted by Cof(T ) ⊂ A–Mod,
and the class of all A-modules α-cofiltered by T is denoted by Cofα(T ) ⊂ Cof(T ).
Lemma 1.6. For any class of A-modules T ⊂ A–Mod and any two ordinals α and β,
one has
(a) Cofβ(Cofα(T )) = Cofα·β(T );
(b) Cofα(T
⊕) ⊂ Cofα(T )
⊕.
Proof. Part (b) is obvious. The proof of part (a) is left to the reader. 
The following assertion is knows as the Lukas lemma or “the dual Eklof lemma”.
Lemma 1.7. For any class of left A-modules T , one has ⊥1Cof(T ) = ⊥1T .
Proof. This is [6, Proposition 18] or [8, Lemma 6.37]. 
It seems to be an open question whether the dual assertion to Theorem 1.5 holds
in any form (cf. the discussion in [17, Lemma 2.1 and Examples 2.2–2.3]).
1.4. Homological formulas. Let R −→ A be a homomorphism of associative rings.
Then every left or right A-module has an underlying R-module structure. In partic-
ular, A itself acquires the structure of an R-R-bimodule.
Lemma 1.8. (a) Let L be a left R-module and D be a left A-module, and let n ≥ 0
be an integer. Assume that TorRi (A,L) = 0 for all 0 < i ≤ n. Then there is a natural
isomorphism of abelian groups ExtiA(A⊗R L, D) ≃ Ext
i
R(L,D) for every 0 ≤ i ≤ n.
(b) Let B be a left A-module and M be a left R-module, and let n ≥ 0 be an integer.
Assume that ExtiR(A,M) = 0 for all 0 < i ≤ n. Then there is a natural isomorphism
of abelian groups ExtiA(B,HomR(A,M)) ≃ Ext
i
R(B,M) for every 0 ≤ i ≤ n.
Proof. We will prove part (b); the proof of part (a) is similar. Notice that, for any
injective left R-module I, the left A-module HomR(A, I) is injective. Let I
• be an
injective coresolution of the left R-module M . Then the sequence of left A-modules
0 −→ HomR(A,M) −→ HomR(A, I
0) −→ · · · −→ HomR(A, I
n+1) is exact, since
ExtiR(A,M) = 0 for all 0 < i ≤ n. Extending this sequence to a injective coresolution
HomR(A, I
0) −→ · · · −→ HomR(A, I
n+1) −→ Jn+2 −→ Jn+3 −→ · · · of the left
A-module HomR(A,M) and computing the groups Ext
i
A(B,HomR(A,M)) in terms
of this coresolution, we obtain the desired natural isomorphisms. 
1.5. Resolution dimension. Let A be a ring and F ⊂ A–Mod be a class of left
A-modules. We will say that the class F is resolving if the following conditions hold:
(i) F is closed under extensions in A–Mod;
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(ii) F is closed under the kernels of surjective morphisms in A–Mod;
(iii) every left A-module is a quotient module of a module from F .
Notice that, if F closed under direct summands, then condition (iii) can be equiva-
lently rephrased by saying that all the projective left A-modules belong to F .
Let k ≥ 0 be an integer. We say that a left A-module M has F-resolution dimen-
sion ≤ k if there exists an exact sequence of left A-modules 0 −→ Fk −→ Fk−1 −→
· · · −→ F1 −→ F0 −→M −→ 0 with Fi ∈ F for all 0 ≤ i ≤ k.
Dually, a class of modules C ⊂ A–Mod is said to be coresolving if the following
conditions hold:
(i*) C is closed under extensions in A–Mod;
(ii*) C is closed under the cokernels of injective morphisms in A–Mod;
(iii*) every left A-module is a submodule of a module from C.
If C is closed under direct summands, then condition (iii*) is equivalent to the con-
dition that all the injective left A-modules belong go C.
We say that a left A-module N has C-coresolution dimension ≤ k if there exists
an exact sequence of left A-modules 0 −→ N −→ C0 −→ C1 −→ · · · −→ Ck−1 −→
Ck −→ 0 with C i ∈ C for all 0 ≤ i ≤ k.
Lemma 1.9. (a) Let F ⊂ A–Mod be a resolving class, and let M be a left A-module
of F-resolution dimension ≤ k. Let 0 −→ Gk −→ Gk−1 −→ · · · −→ G1 −→
G0 −→M −→ 0 be an exact sequence of left A-modules. Assume that Gi ∈ F for all
0 ≤ i < k. Then Gk ∈ F .
(b) Let C ⊂ A–Mod be a coresolving class, and let N be a left A-module of
C-coresolution dimension ≤ k. Let 0 −→ N −→ D0 −→ D1 −→ · · · −→ Dk−1 −→
Dk −→ 0 be an exact sequence of left A-modules. Assume that Di ∈ C for all
0 ≤ i < k. Then Dk ∈ C.
Proof. This is [18, Proposition 2.3(1)] or [11, Corollary A.5.2]. (The resolving and
coresolving classes are assumed to be closed under direct summands in [18], but this
assumption can be dropped.) 
Lemma 1.10. (a) For any resolving class F ⊂ A–Mod and any integer l ≥ 0, the
class F(l) of all left A-modules of the F-resolution dimension ≤ l is resolving as well.
(b) For any coresolving class C ⊂ A–Mod and any integer l ≥ 0, the class C(l) of
all left A-modules of the C-coresolution dimension ≤ l is coresolving as well.
Proof. This is [18, Proposition 2.3(2)] or [11, Lemma A.5.4]. 
Lemma 1.11. Let (F , C) be a cotorsion pair in A–Mod. Then the following condi-
tions are equivalent:
(1) the class F is resolving (i. e., F is closed under the kernels of surjective
morphisms in A–Mod);
(2) the class C is coresolving (i. e., C is closed under the cokernels of injective
morphisms in A–Mod);
(3) Ext2A(F,C) = 0 for all F ∈ F and C ∈ C;
(4) ExtnA(F,C) = 0 for all F ∈ F , C ∈ C, and n ≥ 1.
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Proof. The argument is straightforward, based on the long exact sequences of
Ext groups for a short exact sequence of modules. One proves the equivalences
(1)⇐⇒ (3)⇐⇒ (2) and then deduces (4) from either (1) or (2). 
A cotorsion pair (F , C) is A–Mod is said to be hereditary if it satisfies the equivalent
conditions of Lemma 1.11.
2. Cofiltrations by Coinduced Modules
2.1. Posing the problem. Let R −→ A be a homomorphism of associative rings,
and let F be a class of left R-modules. Mostly we will assume F to be the left part
of a cotorsion pair (F , C) in R–Mod.
Denote by FA the class of all left A-modules whose underlying R-modules belong
to F . Does there exist a cotorsion pair (FA, CA) in A–Mod ?
Obviously, if the answer to this question is positive, then the class CA can be
recovered as CA = F
⊥1
A . But can one describe the class CA more explicitly?
We start with the following easy lemma, which provides a necessary condition.
Lemma 2.1. Assume that FA is the left part of a cotorsion pair (FA, CA) in A–Mod.
Then the left R-module A belongs to F .
Proof. For any cotorsion pair (FA, CA) in A–Mod, all projective left A-modules belong
to FA. So, in the situation at hand, the underlying left R-modules of all projective
left A-modules must belong to F . 
The next lemma shows that this condition is also sufficient to get a cotorsion pair
(FA, CA). Given a class of left R-modules T , we denote by HomR(A, T ) the class of
all left A-modules of the form HomR(A, T ) with T ∈ T .
Lemma 2.2. Let (F , C) be a cotorsion pair in R–Mod cogenerated by a class of left
R-modules T . Assume that the left R-module A belongs to F . Then we have
(a) FA =
⊥1HomR(A, C) =
⊥1HomR(A, T );
(b) (FA,F
⊥1
A ) is a cotorsion pair in A–Mod;
(c) Cof(HomR(A, T ))
⊕ ⊂ Cof(HomR(A, C))
⊕ ⊂ F⊥1A .
Proof. Part (a): by assumptions, we have F = ⊥1T and Ext1R(A, T ) = 0 for all
T ∈ T . By Lemma 1.8(b) (for n = 1), it follows that a left A-module F belongs to
⊥1HomR(A, T ) if and only if the underlying left R-module of F belongs to
⊥1T . In
particular, this is applicable to T = C.
Part (b): in view of part (a), (FA,F
⊥1
A ) is the cotorsion pair in A–Mod cogenerated
by the class HomR(A, T ) or HomR(A, C).
Part (c) follows from part (a) and Lemma 1.7. 
So we have answered our first question, but we want to know more. Can one
guarantee that the cotorsion pair (FA, CA) is complete?
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Proposition 2.3. Let (F , C) be a (complete) cotorsion pair in R–Mod generated by a
set of left R-modules S, and let FA be the class of all left A-modules whose underlying
left R-modules belong to F . Assume that the left R-module A belongs to F . Then
there exists a complete cotorsion pair (FA, CA) in A–Mod generated by a certain set
of left A-modules SA.
Proof. A class of left R-modules F is said to be deconstructible if there exists a set of
left R-modules S such that F = Fil(S). Any class of modules of the form F = Fil(S)⊕
is deconstructible, that is, for any set S ⊂ R–Mod there exists a set S ′ ⊂ R–Mod such
that Fil(S)⊕ = Fil(S ′) ⊂ R–Mod [8, Lemma 7.12]. Furthermore, it follows from the
Hill lemma [8, Theorem 7.10] that the class FA ⊂ A–Mod is deconstructible for every
deconstructible class F ⊂ R–Mod. So there exists a set of left A-modules SA such
that FA = Fil(SA). In fact, if κ is an uncountably infinite regular cardinal such that
the cardinality of A is smaller than κ and all the modules in S are < κ-presented,
then one can use the set of (representatives of the isomorphism classes) of all the
< κ-presented modules in FA in the role of SA. Finally, if a deconstructible class
FA = Fil(SA) ⊂ A–Mod is closed under direct summands and A ∈ FA, then (FA,F
⊥1
A )
is a complete cotorsion pair in A–Mod generated by the set of left A-modules SA by
Lemma 1.4 and Theorem 1.5. 
After these observations, which follow from the general theory of cotorsion pairs
in module categories, essentially the only remaining question is the one about an
explicit description of the class CA = F
⊥1
A . In the rest of Section 2, our aim is to show
that, under certain assumptions, the inclusions in Lemma 2.2(c) become equalities,
that is, most importantly, CA = Cof(HomR(A, C))
⊕.
In fact, depending on specific assumptions, we will be able to prove that CA =
Cofβ(HomR(A, C))
⊕ for certain rather small ordinals β. Our assumptions are going to
be rather restrictive; but we will not assume the cotorsion pair (F , C) to be generated
by a set (as in Proposition 2.3).
Concerning the second inclusion in Lemma 2.2(c), all we can say is the following.
Lemma 2.4. Let T be a class of left R-modules such that A ∈ ⊥1T , and let α be an
ordinal. Then
(a) HomR(A,Cofα(T )) ⊂ Cofα(HomR(A, T ));
(b) HomR(A,Cofα(T )
⊕) ⊂ Cofα(HomR(A, T ))
⊕.
In particular, if C = Cof(T )⊕, then Cof(HomR(A, C))
⊕ = Cof(HomR(A, T ))
⊕.
Proof. Part (a) holds, because the functor HomR(A,−) : R–Mod −→ A–Mod pre-
serves inverse limits, as well as short exact sequences of modules belonging to {A}⊥1 ⊂
R–Mod. Part (b) follows immediately from (a).
The last assertion follows from (b) in view of Lemma 1.6. Indeed, we have
Cof(HomR(A, C))
⊕ = Cof(HomR(A,Cof(T )
⊕))⊕ ⊂ Cof(Cof(HomR(A, T ))
⊕)⊕ =
Cof(HomR(A, T ))
⊕. 
2.2. Finite filtrations by coinduced modules. Let R −→ A be a ring homomor-
phism. Suppose that we are given an Ext1-orthogonal pair of classes of left R-modules
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F and C ⊂ R–Mod, and denote by FA ⊂ A–Mod the class of all left A-modules whose
underlying left R-modules belong to F .
For any left R-module M , one can consider the left A-module HomR(A,M).
Sometimes we also consider the underlying left R-module of the left A-module
HomR(A,M). That is what we do when formulating the following condition, which
will be the key technical assumption in the rest of Section 2:
(††) for any left R-module F ∈ F , the left R-module HomR(A, F ) also belongs
to F .
The specific assumption on which the results of this Section 2.2 are based is that
all left R-modules have finite F -resolution dimension.
Lemma 2.5. Assume that the Ext1-orthogonal pair of left R-modules (F , C) admits
special precover sequences (1). Assume further that the left R-module A belongs
to F , and that the condition (††) holds. Let M be a left R-module of F-resolution
dimension ≤ l. Then the F-resolution dimension of the left R-module HomR(A,M)
also does not exceed l.
Proof. Let 0 −→ C1 −→ F0 −→ M −→ 0 be a special precover sequence (1) for
the left R-module M ; so C1 ∈ C and F0 ∈ F . Consider a special precover sequence
0 −→ C2 −→ F1 −→ C1 −→ 0 for the left R-module C1, etc. Proceeding in this way,
we construct an exact sequence of left R-modules 0 −→ Cl −→ Fl−1 −→ Fl−2 −→
· · · −→ F1 −→ F0 −→ M −→ 0, in which Fi ∈ F for all 0 ≤ i ≤ l − 1, Cl ∈ C, and
the image Ci of the morphism Fi −→ Fi−1 belongs to C for all 1 ≤ i ≤ l − 1. Since
the F -resolution dimension of M does not exceed l by assumption, by Lemma 1.9(a)
it follows that Cl ∈ F . Since A ∈ F ⊂
⊥1C, our exact sequence remains exact
after applying the functor HomR(A,−). The resulting exact sequence is the desired
resolution of length l of the left R-module HomR(A,M) by modules from F . 
Proposition 2.6. Assume that the Ext1-orthogonal pair of left R-modules (F , C)
admits approximation sequences (1–2). Assume that the left R-module A belongs
to F , and that the condition (††) holds. Assume further that the class F is resolving in
R–Mod and the F-resolution dimension of any left R-module does not exceed a finite
integer k ≥ 0. Then the Ext1-orthogonal pair of classes of left A-modules FA and
Cofk+1(HomR(A, C)) admits approximation sequences as well. Here the integer k+ 1
is considered as a finite ordinal.
Proof. The pair of classes FA and Cof(HomR(A, C)) ⊂ A–Mod is Ext
1-orthogonal by
Lemma 2.2(c). Let us show by explicit construction that the pair of classes FA and
Cofk(HomR(A, C)) admits special precover sequences. The construction below goes
back to [10, Lemma 1.1.3].
Let M be a left A-module. Then there is a natural (adjunction) morphism of left
A-modules νM : M −→ HomR(A,M) defined by the formula νM (m)(a) = am ∈ M
for every m ∈M and a ∈ A. The map νM is always injective. Moreover, viewed as a
morphism of left R-modules, νM is a split monomorphism. Indeed, the evaluation-at-
unit map φM : HomR(A,M) −→ M taking a function f ∈ HomR(A,M) to its value
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φM(f) = f(1) ∈M is a left R-module morphism for which the composition φM ◦ νM
is the identity map, φM ◦ νM = idM .
Consider the underlying left R-module of M , and choose a special precover se-
quence 0 −→ C ′(M) −→ F (M) −→ M −→ 0 in R–Mod with C ′(M) ∈ C and
F (M) ∈ F . Then we have Ext1R(A,C
′(M)) = 0, so the morphism of left A-modules
HomR(A, F (M)) −→ HomR(A,M) coinduced from the surjective left R-module map
F (M) −→ M is surjective. Denote by Q(M) the pullback (or in other words, the
fibered product) of the pair of left A-module morphisms M −→ HomR(A,M) and
HomR(A, F (M)) −→ HomR(A,M).
We have a commutative diagram of left A-module morphisms, in which the four
short sequences are exact:
(3) 0 0
0 // M
OO
// HomR(A,M)
OO
// HomR(A,M)/M // 0
0 // Q(M)
OO
// HomR(A, F (M))
OO
// HomR(A,M)/M // 0
HomR(A,C
′(M))
OO
HomR(A,C
′(M))
OO
0
OO
0
OO
Introduce the notation rdF N for the F -resolution dimension of a left R-module N .
We will apply the same notation to A-modules, presuming that the F -resolution
dimension of the underlying R-module is taken.
Next we observe that, whenever 0 < rdF M < ∞, the F -resolution dimension
of the underlying left R-module of the left A-module Q(M) is strictly smaller than
the F -resolution dimension of the underlying R-module of the A-module M , i. e.,
rdF Q(M) < rdF(M). Indeed, the short exact sequence of left A-modules 0 −→
M −→ HomR(A,M) −→ HomR(A,M)/M −→ 0 splits over R, or in other words,
the underlying left R-module of HomR(A,M)/M can be presented as the kernel of
the surjective left R-module morphism φM : HomR(A,M) −→ M . By Lemmas 2.5
and 1.10(a), we have rdF HomR(A,M)/M ≤ rdF M . Since HomR(A, F (M)) ∈ F ,
it follows from the short exact sequence 0 −→ Q(M) −→ HomR(A, F (M)) −→
HomR(A,M)/M −→ 0 that rdF Q(M) < rdF(M).
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Finally, we iterate our construction, producing a sequence of surjective morphisms
of left A-modules
M ←−− Q(M) ←−− Q(Q(M)) ←−− Q3(M) ←−− · · · ←−− Qk(M).
Since rdF M ≤ k by assumption, it follows from the above argument that
rdF Q
k(M) ≤ 0, that is Qk(M) ∈ FA.
The kernel of the surjective morphism Qk(M) −→ M is cofiltered by the ker-
nels of the surjective A-module morphisms Q(M) −→ M , Q2(M) −→ Q(M),
. . . , Qk(M) −→ Qk−1(M). These are the left A-modules HomR(A,C
′(M)),
HomR(A,C
′(Q(M))), HomR(A,C
′(Q2(M))), . . . , HomR(A,C
′(Qk−1(M))). We have
constructed the desired special precover sequence for the pair of classes FA and
Cofk(HomR(A, C)).
Finally, there are enough injective left A-modules of the form HomR(A, I), where
I ranges over injective left R-modules. So any left A-module N can be presented
as a submodule of HomR(A, I) for some injective R-module I. The R-module I, in
turn, can be presented as a submodule (in fact, a direct summand) of an R-module
C ∈ C, since a special preenvelope sequence exists for I by assumption. Thus the
A-module N is a submodule of the left A-module HomR(A,C). Following the proof
of (the “only if” implication in) Lemma 1.1, we conclude that the pair of classes FA
and Cofk+1(HomR(A, C)) admits special preenvelope sequences. 
Theorem 2.7. Let (F , C) be a hereditary complete cotorsion pair in R–Mod. Assume
that the left R-module A belongs to F , and that the condition (††) holds. Assume
further that the F-resolution dimension of any left R-module does not exceed a finite
integer k ≥ 0. Then the pair of classes FA and CA = Cofk+1(HomR(A, C))
⊕ is a
hereditary complete cotorsion pair in A–Mod.
Proof. The class FA is closed under direct summands and the kernels of surjective
morphisms, since the class F is. Thus the assertion of the theorem follows from
Proposition 2.6 in view of Lemma 1.2. 
Corollary 2.8. For any associative ring homomorphism R −→ A and any hered-
itary complete cotorsion pair (F , C) in R–Mod satisfying the assumptions of
Theorem 2.7, one has F⊥1A = Cofk+1(HomR(A, C))
⊕. In particular, it follows that
Cof(HomR(A, C))
⊕ = Cofk+1(HomR(A, C))
⊕.
Proof. The first assertion is a part of Theorem 2.7. The second assertion follows from
the first one together with Lemma 2.2(c). 
Remark 2.9. The condition (††) appears to be rather restrictive. In fact, the con-
struction of Proposition 2.6 originates from the theory of comodules over corings, as
in [10, Lemma 1.1.3], where the natural analogue of this condition feels much less
restrictive, particularly when F is simply the class of all projective left R-modules.
So one can say that the ring A in this Section 2.2 really “wants” to be a coring C
over the ring R, and the left A-modules “want” to be left C-comodules. Then the
coinduction functor, which was HomR(A,−) in the condition (††), takes the form of
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the tensor product functor C ⊗R −. This one is much more likely to take projective
left R-modules to projective left R-modules (it suffices that C be a projective left
R-module). To make a ring A behave rather like a coring, one can assume it to be
“small” relative to R in some sense. The following example is inspired by the analogy
with corings and comodules.
Example 2.10. Let F = R–Modproj be the class of all projective left R-modules.
Then C = R–Mod is the class of all left R-modules, and FA = A–ModR-proj is the class
of all left A-modules whose underlying R-modules are projective. In the terminology
of [3, Sections 4.1 and 4.3] and [13, Section 5], the left A-modules from the related
class CA = F
⊥1
A would be called weakly injective relative to R or weakly A/R-injective.
For F = R–Modproj, the necessary condition of Lemma 2.1 means that A must
be a projective left R-module. Assume that A is a finitely generated projective
left R-module; then the functor HomR(A,−) preserves infinite direct sums. Assume
further that the left R-module HomR(A,R) is projective. Then it follows that the
functor HomR(A,−) preserves the class F of all projective left R-modules. Thus the
condition (††) is satisfied.
The results of Section 2.2 tell us that, whenever the left homological dimen-
sion of the ring R is a finite number k and the assumptions in the previous para-
graph hold, the Ext1-orthogonal pair of classes of left A-modules A–ModR-proj and
Cofk+1(HomR(A,R–Mod)) admits approximation sequences. Consequently, the pair
of classes FA = A–ModR-proj and CA = Cofk+1(HomR(A,R–Mod))
⊕ is a hereditary
complete cotorsion pair in A–Mod. In particular, we have
(A–ModR-proj)
⊥1 = Cofk+1(HomR(A,R–Mod))
⊕,
and therefore Cof(HomR(A,R–Mod))
⊕ = Cofk+1(HomR(A,R–Mod))
⊕. So the weakly
A/R-injective left A-modules are precisely the direct summands of the A-modules
admitting a finite (k+1)-step filtration by A-modules coinduced from left R-modules.
The reader can find a discussion of the related results for corings and comodules
(of which this example is a particular case) in [12, Lemma 3.4(a)].
2.3. Decreasing filtrations by coinduced modules. Instead of assuming finite-
ness of the F -resolution dimension, we now assume that the class F is closed under
countable products in R–Mod. As usually, we denote by ω the first infinite ordinal,
that is the ordinal of nonnegative integers. The “cofiltrations” appearing in the next
proposition are the usual complete, separated infinite decreasing filtrations indexed
by the natural numbers.
Proposition 2.11. Assume that the Ext1-orthogonal pair of left R-modules (F , C)
admits approximation sequences (1–2). Assume that the left R-module A belongs
to F , and that the condition (††) holds. Assume further that the class F is closed
under the kernels of surjective morphisms and countable products in R–Mod. Then
the Ext1-orthogonal pair of classes of left A-modules FA and Cofω(HomR(A, C)) ad-
mits approximation sequences as well.
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Proof. The pair of classes FA and Cof(HomR(A, C)) ⊂ A–Mod is Ext
1-orthogonal by
Lemma 2.2(c). The explicit construction below, showing that the pair of classes FA
and Cofω(HomR(A, C)) admits special precover sequences, plays a key role. It goes
back to [10, semicontramodule-related assertions in Lemma 3.3.3].
Let M be a left A-module. We proceed with the construction from the proof of
Proposition 2.6; but instead of a finite number k iterations, we perform ω iterations
now. So we produce a sequence of surjective morphisms of left A-modules
(4) M ←−− Q(M) ←−− Q(Q(M)) ←−− · · · ←−− Qn(M) ←−− · · · ,
where n ranges over the nonnegative integers. Clearly, the kernel of the surjective
left A-module morphism lim
←−n∈ω
Qn(M) −→ M is ω-cofiltered by the left A-modules
HomR(A,C
′(Qn(M))), n ∈ ω, which belong to HomR(A, C) by construction. Now
the claim is that the left A-module lim
←−n∈ω
Qn(M) belongs to FA.
Recall that the injective A-module morphism νM : M −→ HomR(A,M) ad-
mits a natural R-linear retraction φM : HomR(A,M) −→ M . Looking on the
diagram (3), one can see that the surjective map Q(M) −→ M factorizes as
Q(M) −→ HomR(A, F (M)) −→ M . Here Q(M) −→ HomR(A, F (M)) is an
A-module morphism, but HomR(A, F (M)) −→ M is only an R-module morphism
(between left A-modules). Thus the sequence of surjective morphisms of left
A-modules (4) is mutually cofinal with a sequence of left R-module morphisms
(5) HomR(A, F (M)) ←−− HomR(A, F (Q(M))) ←−− · · ·
←−− HomR(A, F (Q
n(M))) ←−− · · ·
The left R-modules F (Qn(M)), n ≥ 0, belong to F by construction. Accord-
ing to (††), it follows that the underlying left R-modules of the left A-modules
HomR(A, F (Q
n(M))) belong to F , too. The derived projective limits of mutually
cofinal projective systems agree, hence
lim
←−
1
n∈ω
HomR(A, F (Q
n(M))) ≃ lim
←−
1
n∈ω
Qn(M) = 0,
as the maps Qn+1(M) −→ Qn(M) are surjective. Hence we have a short exact
sequence of left R-modules
(6) 0 −−→ lim
←−n∈ω
HomR(A, F (Q
n(M)))
−−→
∏
n∈ω
HomR(A, F (Q
n(M))) −−→
∏
n∈ω
HomR(A, F (Q
n(M))) −−→ 0.
Since the class F ⊂ R–Mod is closed under countable products and the ker-
nels of surjective morphisms by assumption, it follows that the left R-module
lim
←−n∈ω
HomR(A, F (Q
n(M))) belongs to F .
Furthermore, the underived projective limits of mutually cofinal projective systems
also agree; so we have an isomorphism of left R-modules
lim
←−n∈ω
Qn(M) ≃ lim
←−n∈ω
HomR(A, F (Q
n(M))).
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Since lim
←−n∈ω
HomR(A, F (Q
n(M))) ∈ F , we can conclude that lim
←−n∈ω
Qn(M) ∈ FA,
as desired. This finishes the construction of the special precover sequences for the
pair of classes of left A-modules FA and Cofω(HomR(A, C)).
At last, the special preenvelope sequences for the pair of classes FA and
Cofω(HomR(A, C)) ⊂ A–Mod are produced from the special precover sequences
in the same way as in the last paragraph of the proof of Proposition 2.6. 
Theorem 2.12. Let (F , C) be a hereditary complete cotorsion pair in R–Mod. As-
sume that the left R-module A belongs to F , and that the condition (††) holds. Assume
further that the class F is closed under countable products in R–Mod. Then the pair
of classes FA and CA = Cofω(HomR(A, C))
⊕ is a hereditary complete cotorsion pair
in A–Mod.
Proof. Follows from Proposition 2.11 in view of Lemma 1.2 (cf. the proof of Theo-
rem 2.7). 
Corollary 2.13. For any associative ring homomorphism R −→ A and any
hereditary complete cotorsion pair (F , C) in R–Mod satisfying the assumptions of
Theorem 2.12, one has F⊥1A = Cofω(HomR(A, C))
⊕. In particular, it follows that
Cof(HomR(A, C))
⊕ = Cofω(HomR(A, C))
⊕.
Proof. This is a corollary of Theorem 2.12 and Lemma 2.2(c) (cf. the proof of Corol-
lary 2.8). 
Remark 2.14. As mentioned in Remark 2.9, the condition (††) appears to be rather
restrictive. In fact, the construction of Proposition 2.11 originates from the theory
of semicontramodules over semialgebras, as in [10, Lemma 3.3.3], where the natural
analogue of this condition feels much less restrictive, particularly when F is simply the
class of all projective objects. So one can say that the ring R in this Section 2.3 really
“wants” to be a coalgebra C (say, over a field k), and accordingly the ring A becomes
a semialgebra S over C. The left R-modules “want” to be left C-contramodules, and
the left A-modules “want” to be left S-semicontramodules.
Then the coinduction functor, which was HomR(A,−) in the condition (††), takes
the form of the functor CohomC(S,−). This one is much more likely to take projec-
tive left C-contramodules to projective left C-contramodules. In fact, all projective
C-contramodules are direct summands of the free contramodules Homk(C, V ), where
V ranges over k-vector spaces; and one has CohomC(S,Homk(C, V )) ≃ Homk(S, V ).
This is a projective left C-contramodule for any V whenever the right C-comodule S
is injective. Besides, the class of all projective contramodules over a coalgebra over a
field is always closed under infinite products; so the specific assumption of Section 2.3
is satisfied in the contramodule context, too.
To make a ring R behave rather like a coalgebra, one can assume it to be “small”
in some sense. The following examples are inspired by the analogy with semialgebras
and semicontramodules.
Examples 2.15. Let F = R–Modproj be the class of all projective left R-modules;
then C = R–Mod is the class of all left R-modules (cf. Example 2.10).
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(1) Assume that the ring R is left perfect and right coherent (e. g., it suffices that
R be right Artinian). Then the class of all projective left R-modules is closed under
infinite products [2, 5]; so the specific assumption of Section 2.3 is satisfied.
Furthermore, all flat left R-modules are projective, and all left R-modules have
projective covers [2]. Let J ⊂ R be the Jacobson radical; then the correspon-
dence P 7−→ P/JP is a bijection between the isomorphism classes of projective left
R-modules and arbitrary R/J-modules. The quotient ring R/J is classically semisim-
ple, so it is isomorphic to a finite product of simple Artinian rings R1, . . . , Rm. Denote
by Ji ⊂ R the kernel of the surjective map R −→ Ri, 1 ≤ i ≤ m. Then, choosing κ
to be a large enough cardinal, one can make the (semisimple) Ri-module R
κ/JiR
κ
arbitrarily large. Therefore, all the projective left R-modules are direct summands
of products of copies of the free left R-module R.
Assume further that the left R-module HomR(A,R) is projective. Then it follows
that the functor HomR(A,−) preserves the class F of all projective left R-modules.
Thus the condition (††) is satisfied.
(2) Assume that R is a finite-dimensional algebra over a field k and R −→ A is
a morphism of k-algebras. This is a particular case of (1), so the above discussion
is applicable. Furthermore, we have HomR(A,R) ≃ HomR(A,R
∗∗) ≃ (R∗ ⊗R A)
∗,
where V 7−→ V ∗ denotes the passage to the dual k-vector space.
The functorN 7−→ N∗ takes injective rightR-modules to projective leftR-modules.
Thus the condition (††) holds whenever the underlying right R-module of the right
A-module R∗ ⊗R A is injective.
(3) Assume that R is a quasi-Frobenius ring, i. e., the classes of injective and
projective left R-modules coincide (and the same holds for right R-modules). All
such rings R are left and right Artinian, so the discussion in (1) is applicable.
Furthermore, whenever R is quasi-Frobenius, the condition (††) can be rephrased
by saying that the functor HomR(A,−) takes injective left R-modules to injective left
R-modules. This holds whenever A is a projective right R-module.
The results of Section 2.3 tell us that, whenever the left R-module A is projective
and any one of the above sets of conditions (1–3) is satisfied, the Ext1-orthogonal
pair of classes of left A-modules A–ModR-proj and Cofω(HomR(A,R–Mod)) admits
approximation sequences. Consequently, the pair of classes FA = A–ModR-proj and
CA = Cofω(HomR(A,R–Mod))
⊕ is a hereditary complete cotorsion pair in A–Mod.
In particular, we have
(A–ModR-proj)
⊥1 = Cofω(HomR(A,R–Mod))
⊕,
and therefore Cof(HomR(A,R–Mod))
⊕ = Cofω(HomR(A,R–Mod))
⊕. So the weakly
A/R-injective left A-modules are precisely the direct summands of the A-modules
admitting a complete, separated ω-indexed decreasing filtration by A-modules coin-
duced from left R-modules.
2.4. Combined result on coinduced modules. In this section we combine the
constructions of Propositions 2.6 and 2.11 in order to obtain a more general result
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under relaxed assumptions. Specifically, we assume that all the countable products
of modules from F have finite F -resolution dimensions.
Proposition 2.16. Assume that the Ext1-orthogonal pair of left R-modules (F , C)
admits approximation sequences (1–2). Assume that the left R-module A belongs
to F , and that the condition (††) holds. Assume further that the class F is resolving
in R–Mod and the F-resolution dimension of any countable product of modules from
F does not exceed a finite integer k ≥ 0. Then the Ext1-orthogonal pair of classes
of left A-modules FA and Cofω+k(HomR(A, C)) admits approximation sequences as
well. Here ω + k is the k-th successor ordinal of ω.
Proof. As in the previous proofs, we start with an explicit construction of special
precover sequences for the pair of classes FA and Cofω+k(HomR(A, C)) ⊂ A–Mod.
Let M be a left A-module. Proceeding as in the proof of Proposition 2.11, we con-
struct the ω-indexed projective system of surjective morphisms of left A-modules (4).
The underlying left R-module of the left A-module lim
←−n∈ω
Qn(M) is isomorphic to
the projective limit of the projective system of left R-modules (5), and it can be
described as the leftmost term of the short exact sequence (6).
The left R-modules HomR(A, F (Q
n(M))) belong to F by (††), so the left R-module∏
n∈ω HomR(A, F (Q
n(M))) has F -resolution dimension ≤ k in our present assump-
tions. By Lemma 1.10(a), it follows that the F -resolution dimension of (the under-
lying left R-module of the left A-module) N = lim
←−n∈ω
Qn(M) does not exceed k.
Now we apply the construction from the proof of Proposition 2.6 to the left
A-module N , producing the sequence of surjective morphisms of left A-modules
N ←−− Q(N) ←−− Q(Q(N)) ←−− Q3(N) ←−− · · · ←−− Qk(N).
Following the argument in the proof of Proposition 2.6, we have Qk(N) ∈ FA, since
rdF N ≤ k. Now the kernel of the composition of surjective morphisms
Qk(N) −−→ N = lim
←−n∈ω
Qn(M) −−→ M
in an extension of the kernels of the morphisms Qk(N) −→ N and lim
←−n∈ω
Qn(M) −→
M . The former kernel belongs to Cofk(HomR(A, C)) and the latter one to
Cofω(HomR(A, C)); thus the kernel of the morphism Q
k(N) −→ M belongs to
Cofω+k(HomR(A, C)).
We have produced the desired special precover sequences. Having these at our
disposal, the special preenvelope sequences are constructed in the same way as in the
proofs of Propositions 2.6 and 2.11. 
Theorem 2.17. Let (F , C) be a hereditary complete cotorsion pair in R–Mod. As-
sume that the left R-module A belongs to F , and that the condition (††) holds. Assume
further that the F-resolution dimension of any countable product of modules from F
in R–Mod does not exceed a finite integer k ≥ 0. Then the pair of classes FA and
CA = Cofω+k(HomR(A, C))
⊕ is a hereditary complete cotorsion pair in A–Mod.
Proof. Follows from Proposition 2.16 in view of Lemma 1.2. 
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Corollary 2.18. For any associative ring homomorphism R −→ A and any hered-
itary complete cotorsion pair (F , C) in R–Mod satisfying the assumptions of The-
orem 2.17, one has F⊥1A = Cofω+k(HomR(A, C))
⊕. In particular, it follows that
Cof(HomR(A, C))
⊕ = Cofω+k(HomR(A, C))
⊕.
Proof. This is a corollary of Theorem 2.17 and Lemma 2.2(c). 
3. Filtrations by Induced Modules
The setting in this section is dual to that in Section 2, and the main results are
also dual. But the ambient context of the general theory of cotorsion pairs in module
categories, based on the small object argument etc., is not self-dual. So we discuss
the situation in detail, making both the similarities and the differences visible.
3.1. Posing the problem. Let R −→ A be a homomorphism of associative rings,
and let C be a class of left R-modules. Mostly we will assume C to be the right part
of a cotorsion pair (F , C) in R–Mod.
Denote by CA the class of all left A-modules whose underlying R-modules belong
to C. Does there exist a cotorsion pair (FA, CA) in A–Mod ?
Obviously, if the answer to this question is positive, then the class FA can be
recovered as FA = ⊥1CA. But can one describe the class FA more explicitly?
We start with an easy lemma providing a necessary condition. Here, for any ring
S and right S-module E, we denote by E+ the left S-module E+ = HomZ(E,Q/Z)
(which is called the character module of E).
Lemma 3.1. Assume that CA is the right part of a cotorsion pair (FA, CA) in A–Mod.
Then the left R-module A+ belongs to C. Consequently, one has TorR1 (A, F ) = 0 for
any left R-module F ∈ ⊥1C.
Proof. For any cotorsion pair (FA, CA) in A–Mod, all injective left A-modules belong
to CA. So, in the situation at hand, the underlying left R-modules of all injective left
A-modules must belong to C. This proves the first assertion. The second one follows
from the natural isomorphism of abelian groups TorR1 (A, F )
+ ≃ Ext1R(F,A
+) = 0. 
The next lemma shows that this condition is also sufficient to get a cotorsion pair
(FA, CA). Given a class of left R-modules S, we denote by A ⊗R S the class of all
left A-modules of the form A⊗R S with S ∈ S.
Lemma 3.2. Let (F , C) be a cotorsion pair in R–Mod generated by a class of left
R-modules S. Assume that the left R-module A+ belongs to C. Then we have
(a) CA = (A⊗R F)
⊥1 = (A⊗R S)
⊥1;
(b) (⊥1CA, CA) is a cotorsion pair in A–Mod;
(c) Fil(A⊗R S)
⊕ ⊂ Fil(A⊗R F)
⊕ ⊂ ⊥1CA.
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Proof. Part (a): by assumptions, we have C = S⊥1 and Ext1R(S,A
+) = 0 for all
S ∈ S, hence TorR1 (A, S) = 0. By Lemma 1.8(a) (for n = 1), it follows that a left
A-module C belongs to (A⊗R S)
⊥1 if and only if the underlying left R-module of C
belongs to S⊥1 . In particular, this is applicable to S = F .
Part (b): in view of part (a), (⊥1CA, CA) is the cotorsion pair in A–Mod generated
by the class A⊗R S or A⊗R F .
Part (c) follows from part (a) and Lemma 1.4. 
So we have answered our first question, but we want to know more. Can one
guarantee that the cotorsion pair (FA, CA) is complete?
Proposition 3.3. Let (F , C) be a (complete) cotorsion pair in R–Mod generated by a
set of left R-modules S, and let CA be the class of all left A-modules whose underlying
left R-modules belong to C. Assume that the left R-module A+ belongs to C. Then
there is a complete cotorsion pair (FA, CA) in A–Mod generated by the set of left
A-modules SA = A⊗R S. Moreover, one has F
A = Fil(SA ∪ {A})⊕.
Proof. By Lemma 3.2(a-b), the desired cotorsion pair (FA, CA) is generated by the
set SA. Hence both the assertions follow from Theorem 1.5. 
These observations, based on the general theory of cotorsion pairs in module cat-
egories, essentially answer all the questions above. We have a complete cotorsion
pair (FA, CA), and we also have a description of the class FA. Still we would like to
improve upon these answers a little bit.
In the rest of Section 3, our aim is to show that, under certain specific assumptions,
the class FA can be described as FA = Filβ(A ⊗R F)
⊕ for rather small ordinals β.
Besides, even though our assumptions are going to be rather restrictive, we will not
assume the cotorsion pair (F , C) to be generated by a set.
3.2. Finite filtrations by induced modules. Let R −→ A be a ring homomor-
phism. Suppose that we are given an Ext1-orthogonal pair of classes of left R-modules
F and C ⊂ R–Mod, and denote by CA ⊂ A–Mod the class of all left A-modules whose
underlying left R-modules belong to C.
For any left R-moduleM , one can consider the left A-module A⊗RM . Sometimes
we will also consider the underlying left R-module of the left A-module A ⊗R M .
That is what we do when formulating the following condition, which will be the key
technical assumption in the rest of Section 3:
(†) for any left R-module C ∈ C, the left R-module A⊗R C also belongs to C.
The specific assumption on which the results of this Section 3.2 are based is that
all left R-modules have finite C-coresolution dimension.
Lemma 3.4. Assume that the Ext1-orthogonal pair of left R-modules (F , C) admits
special preenvelope sequences (2). Assume further that the left R-module A+ belongs
to C, and that the condition (†) holds. Let M be a left R-module of C-coresolution
dimension ≤ l. Then the C-coresolution dimension of the R-module A ⊗R M also
does not exceed l.
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Proof. This is the dual version of Lemma 2.5. Let 0 −→ M −→ C0 −→ F 1 −→ 0
be a special preenvelope sequence (2) for the left R-module M ; so C0 ∈ C and
F 1 ∈ F . Consider a special preenvelope sequence 0 −→ F 1 −→ C1 −→ F 2 for the
left R-module F 1, etc. Proceeding in this way, we construct an exact sequence of
left R-modules 0 −→ M −→ C0 −→ C1 −→ · · · −→ C l−2 −→ C l−1 −→ F l −→ 0,
in which C i ∈ C for all 0 ≤ i ≤ l − 1, F l ∈ F , and the image F i of the morphism
C i−1 −→ C i belongs to F for all 1 ≤ i ≤ l− 1. Since the C-coresolution dimension of
M does not exceed l by assumption, by Lemma 1.9(b) it follows that F l ∈ C. Since
TorR1 (A, F ) = 0 for all F ∈ F , our sequence remains exact after applying the functor
A ⊗R −. The resulting exact sequence is the desired coresolution of length l of the
left R-module A⊗R M by modules from C. 
Proposition 3.5. Assume that the Ext1-orthogonal pair of left R-modules (F , C)
admits approximation sequences (1–2). Assume that the left R-module A+ belongs
to C, and that the condition (†) holds. Assume further that the class C is coresolving
in R–Mod and the C-coresolution dimension of any left R-module does not exceed
a finite integer k ≥ 0. Then the Ext1-orthogonal pair of classes of left A-modules
Filk+1(A⊗RF) and C
A admits approximation sequences as well. Here the integer k+1
is considered as a finite ordinal.
Proof. The pair of classes Fil(A ⊗R F) and C
A ⊂ A–Mod is Ext1-orthogonal by
Lemma 3.2(c). Let us show by explicit construction that the pair of classes
Filk(A⊗R F) and C
A admits special preenvelope sequences. The construction below
goes back to [10, Lemma 3.1.3(b)].
Let N be a left A-module. Then there is a natural (adjunction) morphisms of
left A-modules πN : A⊗R N −→ N defined by the formula πN (a⊗ n) = an for every
a ∈ A and n ∈ N . The map πN is always surjective. Moreover, viewed as a morphism
of left R-modules, πN is a split epimorphism. Indeed, the map ǫN : N −→ A ⊗R N
taking every element n ∈ N to the element ǫ(n) = 1⊗n ∈ A⊗RN is a left R-module
morphism for which the composition πN ◦ ǫN is the identity map, πN ◦ ǫN = idN .
Consider the underlying left R-module of N , and choose a special preenvelope
sequence 0 −→ N −→ C(N) −→ F ′(N) −→ 0 in R–Mod with C(N) ∈ C and
F ′(N) ∈ F . Then we have TorR1 (A, F
′(N)) = 0, so the morphism of left A-modules
A⊗R N −→ A⊗R C(N) induced from the injective left R-module map N −→ C(N)
is injective. Denote by W (N) the pushout (or in other words, the fibered coproduct)
of the pair of left A-module morphisms A⊗RN −→ N and A⊗RN −→ A⊗RC(N).
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We have a commutative diagram of left A-module morphisms, in which the four
short sequences are exact:
(7)
0

0

0 // ker(πN ) // A⊗R N
piN
//

N //

0
0 // ker(πN ) // A⊗R C(N) //

W (N) //

0
A⊗R F
′(N)

A⊗R F
′(N)

0 0
Introduce the notation cdCM for the C-coresolution dimension of a left R-mod-
ule M . We will apply the same notation to left A-modules, presuming that the
C-coresolution dimension of the underlying R-module is taken.
Next we observe that, whenever 0 < cdC N < ∞, the C-coresolution dimen-
sion of the underlying left R-module of the left A-module W (N) is strictly smaller
than the C-coresolution dimension of the underlying R-module of the A-module N ,
i. e., cdCW (N) < cdC(N). Indeed, the short exact sequence of left A-modules
0 −→ ker(πN ) −→ A ⊗R N −→ N −→ 0 splits over R, or in other words, the
underlying left R-module of ker(πN) can be presented as the cokernel of the injective
left R-module morphism ǫN : N −→ A⊗R N . By Lemmas 3.4 and 1.10(b), we have
cdC ker(πN ) ≤ cdC N . Since A⊗RC(N) ∈ C, it follows from the short exact sequence
0 −→ ker(πN) −→ A⊗R C(N) −→W (N) −→ 0 that cdCW (N) < cdC N .
Finally, we iterate our construction, producing a sequence of injective morphisms
of left A-modules
N −−→ W (N) −−→ W (W (N)) −−→ W 3(N) −−→ · · · −−→ W k(N).
Since cdC(N) ≤ k by assumption, it follows from the above argument that
cdCW
k(N) ≤ 0, that is W k(N) ∈ C.
The cokernel of the injective morphism N −→ W k(N) is filtered by the coker-
nels of the injective A-module morphisms N −→ W (N), W (N) −→ W 2(N), . . . ,
W k−1(N) −→ W k(N). These are the left A-modules A⊗R F
′(N), A⊗R F
′(W (N)),
A⊗R F
′(W 2(N)), . . . , A⊗R F
′(W k−1(N)). We have constructed the desired special
preenvelope sequence for the pair of classes Filk(A⊗R F) and C
A.
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Finally, any free left A-module has the formA⊗RP , where P is a free leftR-module.
So any left A-module M can be presented as a quotient module of A⊗R P for some
free left R-module P . The R-module P , in turn, can be presented as a quotient
module (in fact, a direct summand) of an R-module F ∈ F , since a special precover
sequence exists for P by assumption. Thus the A-module M is a quotient module of
the left A-module A⊗RF . Following the proof of (the “if” implication in) Lemma 1.1,
we conclude that the pair of classes Filk+1(A ⊗R F) and C
A admits special precover
sequences. 
Theorem 3.6. Let (F , C) be a hereditary complete cotorsion pair in R–Mod. Assume
that the left R-module A+ belongs to C, and that the condition (†) holds. Assume
further that the C-coresolution dimension of any left R-module does not exceed a finite
integer k ≥ 0. Then the pair of classes FA = Filk+1(A⊗RF)
⊕ and CA is a hereditary
complete cotorsion pair in A–Mod.
Proof. The class CA is closed under direct summands and the cokernels of injective
morphisms, since the class C is. Thus the assertion of the theorem follows from
Proposition 3.5 in view of Lemma 1.2. 
Corollary 3.7. For any associative ring homomorphism R −→ A and any hereditary
complete cotorsion pair (F , C) in R–Mod satisfying the assumptions of Theorem 3.6,
one has ⊥1CA = Filk+1(A ⊗R F)
⊕. In particular, it follows that Fil(A ⊗R F)
⊕ =
Filk+1(A⊗R F)
⊕.
Proof. The first assertion is a part of Theorem 3.6. The second assertion follows from
the first one together with Lemma 3.2(c). 
Remark 3.8. The condition (†) appears to be rather restrictive. In fact, the con-
struction of Proposition 3.5 originates from the theory of contramodules over corings,
as in [10, Lemma 3.1.3(b)], where the natural analogue of this condition feels much
less restrictive, particularly when C is simply the class of all injective left R-modules.
So one can say that the ring A in this Section 3.2 really “wants” to be a coring C over
R, and the left A-modules “want” to be left C-contramodules. Then the induction
functor, which was the tensor product A ⊗R − in the condition (†), takes the form
of the Hom functor HomR(C,−). This one is much more likely to take injective left
R-modules to injective left R-modules (it suffices that C be a flat right R-module).
To make a ring A behave rather like a coring, one can assume it to be “small” relative
to R in some sense. The following example is inspired by the analogy with corings
and contramodules.
Example 3.9. Let C = R–Modinj be the class of all injective left R-modules. Then
F = R–Mod is the class of all left R-modules, and CA = A–ModR-inj is the class of all
left A-modules whose underlying R-modules are injective. In the terminology of [3,
Sections 4.1 and 4.3] and [13, Section 5], the left A-modules from the related class
FA = ⊥1CA would be called weakly projective relative to R or weakly A/R-projective.
For C = R–Modinj, the necessary condition of Lemma 3.1 says that A
+ must be
an injective left R-module; equivalently, this means that A is a flat right R-module.
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Assume that A is a finitely generated projective right R-module; then the functor
A ⊗R − preserves infinite products. Assume further that there exists an injective
cogenerator I of the category of left R-modules such that the left R-module A⊗R I
is injective. Under the above assumption, this is equivalent to the condition that the
right R-module HomR(A,R) is flat. Then it follows that the functor A⊗R− preserves
the class C of all injective left R-modules. Thus the condition (†) is satisfied.
The results of Section 3.2 tell us that, whenever the left homological dimension
of the ring R is a finite number k and the assumptions in the previous paragraph
hold, the Ext1-orthogonal pair of classes of left A-modules Filk+1(A⊗R R–Mod) and
A–ModR-inj admits approximation sequences. Consequently, the pair of classes F
A =
Filk+1(A ⊗R R–Mod)
⊕ and CA = A–ModR-inj is a hereditary complete cotorsion pair
in A–Mod. In particular, we have
⊥1A–ModR-inj = Filk+1(A⊗R R–Mod)
⊕
and Fil(A⊗R R–Mod)
⊕ = Filk+1(A⊗R R–Mod)
⊕. So the weakly A/R-projective left
A-modules are precisely the direct summands of the A-modules admitting a finite
(k + 1)-step filtration by A-modules induced from left R-modules.
The reader can find a discussion of the related results for corings and contramodules
(of which this example is a particular case) in [12, Lemma 3.4(b)].
3.3. Increasing filtrations by induced modules. Instead of assuming finiteness
of the C-coresolution dimension, we now assume that the class C is closed under
countable direct sums in R–Mod. As above, we denote by ω the ordinal of nonnegative
integers. The “filtrations” appearing in the next proposition are the usual exhaustive
infinite increasing filtration indexed by the natural numbers.
Proposition 3.10. Assume that the Ext1-orthogonal pair of left R-modules (F , C)
admits approximation sequences (1–2). Assume that the left R-module A+ belongs
to C, and that the condition (†) holds. Assume further that the class C is closed
under the cokernels of injective morphisms and countable direct sums in R–Mod.
Then the Ext1-orthogonal pair of classes of left A-modules Filω(A ⊗R F) and C
A
admits approximation sequences as well.
Proof. The pair of classes Fil(A ⊗R F) and C
A ⊂ A–Mod is Ext1-orthogonal by
Lemma 3.2(c). The explicit construction below, showing that the pair of classes
Filω(A ⊗R F) and C
A ⊂ A–Mod admits special preenvelope sequences, plays a key
role. It goes back to [10, Lemma 1.3.3].
Let N be a left A-module. We proceed with the construction from the proof of
Proposition 3.5, but instead of a finite number k iterations, we perform ω iterations
now. So we produce a sequence of injective morphisms of left A-modules
(8) N −−→ W (N) −−→ W (W (N)) −−→ · · · −−→ Wm(N) −−→ · · · ,
where m ranges over the nonnegative integers. Clearly, the cokernel of the injective
left A-module morphism N −→ lim
−→m∈ω
Wm(N) is ω-filtered by the left A-modules
A⊗R F
′(Wm(N)), m ∈ ω, which belong to A⊗R F by construction. Now the claim
is that the left A-module lim
−→m∈ω
Wm(N) belongs to CA.
24
Recall that the surjective A-module morphism πN : A ⊗R N admits a natural
R-linear section ǫN : N −→ A ⊗R N . Looking on the diagram (7), one can see
that the injective map N −→ W (N) factorizes as N −→ A ⊗R C(N) −→ W (N).
Here A ⊗R C(N) −→ W (N) is an A-module morphism, but N −→ A ⊗R C(N) is
only an R-module morphism (between A-modules). Thus the sequence of injective
morphisms of left A-modules (8) is mutually cofinal with a sequence of left R-module
morphisms
(9) A⊗R C(N) −−→ A⊗R C(W (N)) −−→ · · · −−→ A⊗R C(W
m(N)) −−→ · · ·
We have a short exact sequence of left R-modules
(10) 0 −−→
⊕
m∈ω
A⊗R C(W
m(N)) −−→
⊕
m∈ω
A⊗R C(W
m(N))
−−→ lim
−→m∈ω
A⊗R C(W
m(N)) −−→ 0.
The left R-modules C(Wm(N)), m ≥ 0, belong to C by construction. According
to (†), it follows that the underlying left R-modules of the left A-modules A ⊗R
C(Wm(N)) belong to C, too. Since the class C ⊂ R–Mod is closed under countable
direct sums and the cokernels of injective morphisms by assumption, it follows that
the left R-module lim
−→m∈ω
A⊗R C(W
m(N)) belongs to C.
The inductive limits of mutually cofinal inductive systems agree, so we have an
isomorphism of left R-modules.
lim
−→m∈ω
Wm(N) ≃ lim
−→m∈ω
A⊗R C(W
m(N)).
Since lim
−→m∈ω
A ⊗R C(W
m(N)) ∈ C, we can conclude that lim
−→m∈ω
Wm(N) ∈ CA, as
desired. This finishes the construction of the special preenvelope sequences for the
pair of classes of left A-modules Filω(A⊗R F) and C
A.
At last, the special precover sequences for the pair of classes Filω(A ⊗R F) and
CA ⊂ A–Mod are produced from the special preenvelope sequences in the same way
as in the last paragraph of the proof of Proposition 3.5. 
Theorem 3.11. Let (F , C) be a hereditary complete cotorsion pair in R–Mod. As-
sume that the left R-module A+ belongs to C, and that the condition (†) holds. Assume
further that the class C is closed under countable direct sums in R–Mod. Then the
pair of classes FA = Filω(A ⊗R F)
⊕ and CA is a hereditary complete cotorsion pair
in A–Mod.
Proof. Follows from Proposition 3.10 in view of Lemma 1.2 (cf. the proof of Theo-
rem 3.6). 
Corollary 3.12. For any associative ring homomorphism R −→ A and any hered-
itary complete cotorsion pair (F , C) in R–Mod satisfying the assumptions of Theo-
rem 3.11, one has ⊥1CA = Filω(A⊗RF)
⊕. In particular, it follows that Fil(A⊗RF)
⊕ =
Filω(A⊗R F)
⊕.
Proof. This is a corollary of Theorem 3.11 and Lemma 3.2(c) (cf. the proof of Corol-
lary 3.7). 
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Remark 3.13. As mentioned in Remark 3.8, the condition (†) appears to be rather
restrictive. In fact, the construction of Proposition 3.10 originates from the theory of
semimodules over semialgebras, as in [10, Lemma 1.3.3], where the natural analogue
of this condition feels much less restrictive, particularly when C is simply the class
of all injective objects. So one can say that the ring R in this Section 3.3 really
“wants” to be a coalgebra C (say, over a field k), and accordingly the ring A becomes
a semialgebra S over C. The left R-modules “want” to be left C-comodules, and the
left A-modules “want” to be left S-semimodules.
Then the induction functor, which was A⊗R− in the condition (†), takes the form
of the cotensor product functor SC−. This one is much more likely to take injective
left C-comodules to injective left C-comodules (it suffices that S be an injective left
C-comodule). Besides, the class of all injective comodules over a coalgebra over a field
is always closed under infinite direct sums; so the specific assumption of Section 3.3
is satisfied in the comodule context, too.
To make a ring R behave rather like a coalgebra, one can assume it to be “small” in
some sense. The following examples are suggested by the analogy with semialgebras
and semimodules.
Examples 3.14. Let C = R–Modinj be the class of all injective left R-modules; then
F = R–Mod is the class of all left R-modules (cf. Example 3.9).
(1) Assume that the ring R is left Noetherian. Then the class of all injective
left R-modules is closed under infinite direct sums; so the specific assumption of
Section 3.3 is satisfied.
Let I be an injective left R-module containing every indecomposable injective left
R-module as a direct summand. Assume further that the left R-module A ⊗R I is
injective. Then it follows that the functor A⊗R − preserves the class of all injective
left R-modules. Thus the condition (†) is satisfied.
(2) Assume that R is a finite-dimensional algebra over a field k. This is a particular
case of (1). Furthermore, the injective left R-module I = R∗ = Homk(R, k) has the
property that every injective left R-module is a direct summand of a direct sum
of copies of R∗. Therefore, the condition (†) holds whenever the underlying left
R-module of the left A-module A⊗R R
∗ is injective.
(3) Assume that R is a quasi-Frobenius ring. This is also a particular case of (1)
(cf. Example 2.15(3)). In this case, the condition (†) can be rephrased by saying that
the functor A⊗R− takes projective left R-modules to projective left R-modules. This
holds whenever A is a projective left R-module.
Remark 3.15. The above examples shed some light on the condition (†), but they
provide no new information from the point of view of the comparison between the
results of Section 3.3 and those known from the general theory of cotorsion pairs in
module categories. In fact, taking C to be the class of all injective left R-modules and
assuming that the ring R is left Noetherian, one can drop the condition (†) altogether,
as the following version of Proposition 3.10, and consequently also of Theorem 3.11
and Corollary 3.12, is readily provable using the small object argument.
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Proposition 3.16. Let C be the class of all injective left R-modules. Assume that
the ring R is left Noetherian and the left R-module A+ is injective (equivalently, the
right R-module A is flat). Then the Ext1-orthogonal pair of classes of left A-modules
Filω(A⊗R R–Mod) and C
A = A–ModR-inj admits approximation sequences.
Consequently, the pair of classes FA = Filω(A⊗RR–Mod)
⊕ and CA is a hereditary
complete cotorsion pair in A–Mod. In particular, ⊥1A–ModR-inj = Filω(A⊗RR–Mod)
⊕
and Fil(A⊗R R–Mod)
⊕ = Filω(A⊗R R–Mod)
⊕.
Proof. The proof is a simple version of the small object argument [6, Theorem 2], [8,
Theorem 6.11]. The claim that ω-filtrations by induced modules are sufficient follows
from Lemma 1.8(a), the Baer criterion of injectivity, and the fact that the functor
Ext1R(S,−) preserves direct limits for any finitely generated left module S over a left
Noetherian ring R. So, in fact, ω-filtrations by left A-modules induced from direct
sums of cyclic left R-modules are sufficient. We leave the details to the reader. 
In other words, in the assumptions of Proposition 3.16, the weakly A/R-projective
left A-modules are precisely the direct summands of the A-modules admitting an
ω-indexed increasing filtration by A-modules induced from left R-modules.
3.4. Combined result on induced modules. In this section we combine the re-
sults of Propositions 3.5 and 3.10 in order to obtain a more general result under
relaxed assumptions. Specifically, we assume that all the countable direct sums of
modules from C have finite C-coresolution dimensions.
Proposition 3.17. Assume that the Ext1-orthogonal pair of left R-modules (F , C)
admits approximation sequences (1–2). Assume that the left R-module A+ belongs
to C, and that the condition (†) holds. Assume further that the class C is coresolving
in R–Mod and the C-coresolution dimension of any countable direct sum of modules
from C does not exceed a finite integer k ≥ 0. Then the Ext1-orthogonal pair of
classes of left A-modules Filω+k(A⊗R F) and C
A admits approximation sequences as
well. Here ω + k is the k-th successor ordinal of ω.
Proof. As in the previous proofs, we start with an explicit construction of special
preenvelope sequences for the pair of classes Filω+k(A⊗R F) and C
A ⊂ A–Mod.
Let N be a left A-module. Proceeding as in the proof of Proposition 3.10, we con-
struct the ω-indexed inductive system of injective morphisms of left A-modules (8).
The underlying left R-module of the left A-module lim
−→m∈ω
Wm(N) is isomorphic
to the inductive limit of the inductive system of left R-modules (9), and it can be
described as the rightmost term of the short exact sequence (10).
The left R-modules A ⊗R C(W
m(N)) belong to C by (†), so the left R-module⊕
m∈ω A⊗RC(W
m(N)) has C-coresolution dimension ≤ k in our present assumptions.
By Lemma 1.10(b), it follows that the C-coresolution dimension of the (underlying
left R-module of the left A-module M = lim
−→m∈ω
Wm(N) does not exceed k.
Now we apply the construction from the proof of Proposition 3.5 to the left
A-module M , producing the sequence of injective morphisms of left A-modules
M −−→ W (M) −−→ W (W (M)) −−→ W 3(M) −−→ · · · −−→ W k(M).
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Following the argument in the proof of Proposition 3.5, we have W k(M) ∈ FA, since
cdCM ≤ k. Now the cokernel of the composition of injective morphisms
N −−→ lim
−→m∈ω
Wm(N) =M −−→ W k(M)
is an extension of the cokernels of the morphisms N −→ lim
−→m∈ω
Wm(N) and
M −→ W k(M). The former cokernel belongs to Filω(A ⊗R F) and the latter one
to Filk(A ⊗R F); thus the cokernel of the morphism N −→ W
k(M) belongs to
Filω+k(A⊗R F).
We have produced the desired special preenvelope sequences. Using these, the
special precover sequences are constructed in the same way as in the proofs of Propo-
sitions 3.5 and 3.10. 
Theorem 3.18. Let (F , C) be a hereditary complete cotorsion pair in R–Mod. As-
sume that the left R-module A+ belongs to C, and that the condition (†) holds. As-
sume further that the C-coresolution dimension of any countable direct sum of modules
from C in R–Mod does not exceed a finite integer k ≥ 0. Then the pair of classes
FA = Filω+k(A⊗R F)
⊕ and CA is a hereditary complete cotorsion pair in A–Mod.
Proof. Follows from Proposition 3.17 in view of Lemma 1.2. 
Corollary 3.19. For any associative ring homomorphism R −→ A and any
hereditary complete cotorsion pair (F , C) in R–Mod satisfying the assumptions of
Theorem 3.18, one has ⊥1CA = Filω+k(A ⊗R F)
⊕. In particular, it follows that
Fil(A⊗R F)
⊕ = Filω+k(A⊗R F)
⊕.
Proof. This is a corollary of Theorem 3.18 and Lemma 3.2(c). 
References
[1] M. Auslander, R.-O. Buchweitz. The homological theory of maximal Cohen–Macaulay approx-
imations. Me´moires de la Soc. Math. de France 38, 1989, p. 5–37.
[2] H. Bass. Finitistic dimension and a homological generalization of semi-primary rings. Trans.
Amer. Math. Soc. 95, p. 466–488, 1960.
[3] R. Bezrukavnikov, L. Positselski. On semi-infinite cohomology of finite-dimensional graded
algebras. Compositio Math. 146, #2, p. 480–496, 2010. arXiv:0803.3252 [math.QA]
[4] L. Bican, R. El Bashir, E. Enochs. All modules have flat covers. Bulletin of the London Math.
Society 33, #4, p. 385–390, 2001.
[5] S. U. Chase. Direct products of modules. Trans. Amer. Math. Soc. 97, p. 457–473, 1960.
[6] P. C. Eklof, J. Trlifaj. How to make Ext vanish. Bulletin of the London Math. Society 33, #1,
p. 41–51, 2001.
[7] E. Enochs. Flat covers and flat cotorsion modules. Proceedings of the American Math. Society
92, #2, p. 179–184, 1984.
[8] R. Go¨bel, J. Trlifaj. Approximations and endomorphism algebras of modules. Second Revised
and Extended Edition. De Gruyter Expositions in Mathematics 41, De Gruyter, Berlin–Boston,
2012.
[9] M. Hovey. Cotorsion pairs, model category structures, and representation theory. Math.
Zeitschrift 241, #2, p. 553–592, 2002.
28
[10] L. Positselski. Homological algebra of semimodules and semicontramodules: Semi-infinite
homological algebra of associative algebraic structures. Appendix C in collaboration with
D. Rumynin; Appendix D in collaboration with S. Arkhipov. MonografieMatematyczne, vol. 70,
Birkha¨user/Springer Basel, 2010. xxiv+349 pp. arXiv:0708.3398 [math.CT]
[11] L. Positselski. Contraherent cosheaves. Electronic preprint arXiv:1209.2995 [math.CT].
[12] L. Positselski. Contramodules. Electronic preprint arXiv:1503.00991 [math.CT].
[13] L. Positselski. Coherent rings, fp-injective modules, dualizing complexes, and covariant Serre–
Grothendieck duality. Selecta Math. (New Ser.) 23, #2, p. 1279–1307, 2017. arXiv:1504.00700
[math.CT]
[14] L. Positselski, A. Sla´vik. On strongly flat and weakly cotorsion modules. Math. Zeitschrift 291,
#3–4, p. 831–875, 2019. arXiv:1708.06833 [math.AC]
[15] J. Rosicky´. Flat covers and factorizations. Journ. of Algebra 253, #1, p. 1–13, 2002.
[16] L. Salce. Cotorsion theories for abelian groups. Symposia Math. XXIII, Academic Press,
London–New York, 1979, p. 11–32.
[17] J. Sˇaroch, J. Trlifaj. Test sets for factorization properties of modules. Electronic preprint
arXiv:1912.03749 [math.RA], to appear in Rendiconti Semin. Matem. Univ. Padova.
[18] J. Sˇt’ov´ıcˇek. Derived equivalences induced by big cotilting modules. Advances in Math. 263,
p. 45–87, 2014. arXiv:1308.1804 [math.CT]
Institute of Mathematics of the Czech Academy of Sciences, Zˇitna´ 25, 115 67
Praha 1 (Czech Republic); and
Laboratory of Algebra and Number Theory, Institute for Information Transmis-
sion Problems, Moscow 127051 (Russia)
E-mail address : positselski@math.cas.cz
29
